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Section 2 – Project Information
	Project Title

	Validated numerics for matrix functions

	Project Highlights:
	1.
	Development of new verified algorithms for matrix functions to monitor the accuracy of solutions obtained by standard floating-point algorithms

	
	2.
	Computing rigorous a posteriori componentwise forward error bounds for matrix functions

	
	3.
	Development of open-source software package for computing guaranteed error bounds for matrix functions

	Project Summary

	Matrix functions arise in numerous applications, including the solution of ordinary and partial differential equations, dynamical systems, probability theory, network science, control theory and particle physics. 

Practical computation of matrix functions relies on floating-point arithmetic, but this requires truncation errors as well as rounding to numbers representable on the computer. These errors result in solutions that are only approximately correct. Understanding and controlling errors is essential for the secure application of these methods in real world contexts. James Wilkinson introduced what is now the standard framework to analyse rounding errors. This is known as backward error analysis and Nick Higham has comprehensively applied it in numerical linear algebra. However, backward error analysis does not yield rigorous error bounds and obtaining forward error bounds --- the primary measure of accuracy of computed solutions--- still requires a separate analysis of the problem’s condition number, which is not a straightforward automatic process. 

In this project, we instead employ verified computing based on interval analysis. A major advantage of this approach over backward error analysis is that it is performed a posteriori and can automate forward error analysis: verified algorithms, implemented using machine interval arithmetic with directed rounding, compute rigorous error bounds alongside the approximate solution, and these bounds come with a mathematical guarantee of correctness. This certification makes the approach also well suited to computer-assisted mathematical proofs. Moreover, the algorithms developed in this project will also enhance existing standard floating-point algorithms in terms of the accuracy of the computed approximate solutions.


	References

	[1] A. Frommer, B. Hashemi, Computing enclosures for the matrix exponential, SIAM Journal on Matrix Analysis and Applications 41 (2020) 1674-1703.
[2] N. J. Higham, Functions of Matrices: Theory and Computation, SIAM, Philadelphia, 2008.
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