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UNIVERSITY OF
LEICESTER L) amsp

Yearl3 challenge problems.

These problems are more challenging than those seen in Advanced level math-

ematics papers. Their focus is on mathematical thinking and, as a consequence,
on STEP preparation. As such they should appeal to students who like and do
mathematics for its own sake and also to those students who intend to sit STEP
examinations.
The problems are from various sources both published and unpublished. The de-
gree of difficulty of the problems are based on my own experiences solving the
problems and are rated A (easier) to E (hardest). The first 10 problems are
A, A/B or B/C, thereafter the problems are rated A/B to E in no particu-
lar order. For feedback on solutions and/or hints or standard solutions email
mathsor@le.ac.uk

1. (A) A triangle has sides of length a,b and ¢ which satisfy the relation
a® 4+ b? + c® — ab — bc — ca = 0. Prove that the triangle is equilateral.

2. (A/B) The Arithmetic Mean-Geometric Mean inequality states that if
T1,T3,....., Ty are n non-negative numbers then

If x > 0 then use the Arithmetic Mean-Geometric Mean inequality to
x" 1

1+x+a2+..... + g2n 8 2n+1°

prove that the greatest possible value of

3. (A/B) Given that A, B and C are angles in a triangle. Prove that:

t At B+t Bt C—i—t Ct A—l
an2an2 an2an2 an2an2—

4. (A/B) Given that a,b and ¢ are distinct real numbers and that p, ¢ and r
are some real numbers such that pe®® + geb® + re®® = 0 for all values of z.
Prove that p=q =71 =0.

5. (A/B) Given that f(z) = (1 — kz)(1 — k%x).....(1 — k"~ 'z), where k is a
real number, in expanded form is f(z) = 1+ a2 +axz? + ...... + ap_1x™ L.
(a) Prove that (1 — k™z)f(z) = (1 — ka)f(kzx).
(k™ — k) (k™ — k?)...... (k™ — k)
(1-k)1Q—-k)....(1-k")

(b) Prove that a, =


https://x1x2.....xn
mailto:mathsor@le.ac.uk
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6.

10.

11.

(A/B: if correct strategy is used). Solve the equation

\/x+3—4\/1:—1+ r+8—-6vVr—1=k,

where k is some positive real number.

(B/C) The quartic equation z* — 102 + 2422 + 4z — 4 = 0 has roots a, b,
and d such that ab+ c¢d = 0. Find the values of a,b, ¢ and d.

(B/C)
—1
a) Solve the equation 1 — z + M =0.
21
(b) Solve the equation 1 — x + x(xQ'— D) — (- 13)'(:1: —2) =0.

(¢) Make a conjecture about the roots of the equation

z(x—-1) z(x—1)(z—-2)

l—gt——Fr—~ al et (—1)

Prove the conjecture using mathematical induction.

(B/C) Find all roots of the equation 3 = (4 — 22)2. Write all complex
roots in the form a + bi, where a and b are real.

(B/C) This problem is trivial if the Arithmetic Mean-Geometric Mean in-
equality is used. In order for it to be a challenge the required proof should
only use algebra.

Given that a1, as,as and a4 are positive numbers.

<

1
Prove that ak >7r2 for 1 <r<d4.

1 k=1(0%k

=

k

(C/D) (This problem is due to a Belgian artist Patrick Shimmel)

Given that

fley) =" +22(y+1)+y> +y+1
and

g(z,y) = 2> +2z(y + 1) +y° + 3y + 2

where x and y are non-negative integers. Prove that the range of f(z,y)
is disjoint from the range of g(x,y) and that the union of the ranges is the
entire set of natural numbers.
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12. (C/D) Solve the set of simultaneous equations

234yt 428 =8 (1)
Pyt =4 (2)
rT+y+z=2 (3)

13. (D/E)

(a) Show that x = —y — z satisfies the equation 2% 4 3> + 2% — 3xyz = 0.
Hence express (22 + 3% + 23 — 32y2) as a product of two factors.

(b) Solve the set of simultaneous equations given that z,y,z > 0.

¥+ oy + 23 — 3wyz =27 (4)
P4yt —22=9 (5)
r+y+z2=256 (6)

14. (D/E)
(a) Evaluate ) cosrz and Y (in rT.
r=1 r=1

n+1

(b) Deduce that

r=1

+Z(nr+1)cosrx—2

15. (E) Express each numerator and denominator below as a sum of an integer
and rational number. By considering the general form of the numerators
and denominators, or otherwise, find the exact value the product.

65 1025 5185 400000001
4 i 4 1
3 X 325 X 3/OT X e X 384238405
a 1 3 1

16. (B/C)

(a) By examining the values of 2n* + 2(n + 1)* for n = 0,1,2,3 form a
conjecture about the values of 2n* + 2(n + 1)* + 2 whenever n is an
integer. Prove the conjecture.

(b) By considering the equation 24+ (z+1)* = y?+(y+1)? as a quadratic
equation in y show that there are a finite number of integer solutions
of the equation z* + (x + 1)* = y? + (y + 1)2.

17. (B) The roots of a cubic equation f(z) = 0 are a,b and ¢. The roots of
the equation f'(z) = 0 are p and ¢. Prove the following:

(a=p)a—a) = 300~ b)a—0) 7

( ;C—p> (%—q)é—lz(b—dz (8)
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18. (C/D)

(a) By considering the global maximum of the function y =lnz —x +1
prove that Inxz < x — 1 whenever x > 0.

(b) Let x; and t;, 1 <4 < n, be positive numbers such that
x1t] + xoto + ...... +ant, =16+t + ... +t,=1

Prove that

allilagzunapn < aip1 + asps + ... + anpy
" P1+p2+ .. +Dn

19. (C/D) A sequence of real numbers a,,n > 0, satisfies

ap — 20n41 + Ant2 sina = 0, n>2

where 5
agp = 2cosa and a; = L;a, cosa # +1.
sin®
cos a cosa
Prove that a, — >0
(a) Prove that a (14 cosa)” * (1 —cosa)” "=
b) Prove that - _ .
(b) Prove tha TX_%CT (I —-cosa)” (14 cosa)”
1 1+t2
1 .
(c) If t = tan (3a) (hen show that e~ o
1 1+t 11—t
= ;cosa = ——.
lcosa 2 1+ t2

By using these subsitutions in the sum in part (b) show that

n

n
Z(l +t2)r(t2n72r +t2n)2n7r _ (1+t2)n+1ZCr2
r=1

r=1

20. (D/E) Given that aj,ag,...... ,a, are the m roots of the the equation
" + nax — b = 0. Prove that

(a1 — ag)(a1 — az)....(a1 — an) = na7 ™" +a)

Show that the equation y(y+na)”~' = b"~! hasroots a~*, ay ! n—l,
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21. (C/D) A sequence of real numbers a, is defined by

22.

23.

24.

25.

26.

ap=0; app1cosre —apcos(r+1)z=1; r>0.
If cosra # 0 for any r prove that

Gry2 —20r41c082 +a, =0, 72>0.

Hence prove by mathematical induction that a, = Sl_n iy
sinz
n
Deduce the value of > Cec rasec(r + 1)x.
r=1
(C/D)
(a) Prove that 1+ 2 Y fos2rx = cosecx sin(2n + 1)z.
r=1
2
rove that os(x + rsA) = 0, where A = " and s is an
b) P h A) = 0, where A = FT
n
integer Wthh 1 not a multiple of 2n + 1.
(¢) Deduce that Z Cosec(x + sA) = (2n 4+ 1)cosec(2n + 1)z.
s=0
(D/E)

(a) Prove that if the cubic equation ax® + 22 — 3bx + 3b* = 0 has two
non-zero equal roots then it has three equal roots. Determine a in
terms of b.

(b) Prove that if the quartic equation z* +4az3 + 222 — 4bx + 3b> = 0 has
three non-zero equal roots then it has four equal roots. Determine
the values a and b.

(C/D) Solve the equation z% —6x° +52* + 2023 — 1422 — 282 — 8 = 0 given
that it is unaltered by replacing = by 2 — x.

(D/E) Given that n is a positive even integer. Use DeMoivre’s theorem
to show that
COSNET = Gy, COS" T — Apy—o COS™ 2 + ap_gcos” 2z — ... + ag

where the a,,,ap_2, 0,4, ....., ag are positive integers.

Prove that a,, + ap—o + ap_a +..... +ap = B ((< + f) + (1 \/§)n)<

(D/E) In this problem n is an odd positive integer.
(a) Use DeMoivre’s theorem to express cosnz as a polynomial in cos z:
Q(cosz) = ¢, cos™ T + s cos" 2+ ... + ¢y cosx

Determine the value of ¢,.
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27.

28.

29.

2k
(b) Hence find the value of H}1€1:110 Ccos ( T ) .

1111
(C/D)
(a) Use DeMoivre’s theorem to express sin 5z as a polynomial in sinz.
1 —sindz . C e
Hence show that T sna is the square of a polynomial in sin x.
—sinx

(b) If n is a positive integer show that sin 2nz and cos(2n + 1)z can be

both expressed as the product of cos z and some polynomial in sin x.

—sin(4dn + 1)z

1
Show that is the square of a polynomial in sin z.

1—sinx

(C/D) Let v be some real number and ¢ the imaginary square root of —1.
Then it is given that cos(iv) = coshv and sin(iv) = isinhv.

It is also given that the formulae cos(A + B) = cos Acos B — sin Asin B
and sin(A+ B) = sin A cos B+ cos A sin B are also valid for complex num-
bers A and B.

Now suppose that (z + iy) = cot(u + iv) where z,y,u and v are some
real numbers. Show that

2?4+ y* —2zcot2u—1=0 and z?+ 9% +2ycoth2v4+1=0

Using coordinate geometry further show that, for constant u and v, the
two circles represented by the equations above cut orthogonally (the tan-
gents at the points of intersection are perpendicular) and that the angle
between the lines joining (0,41) to a point on the first circle is 2u.

(B/C) The sequence of real numbers a;, ¢ > 0, with ag =2 and a; = —p

satisfies the recurrence relation a2 = —pan4+1 — qa, . Show that
i g 2+t
T - 2 .
= 1+pt+qt
By squaring ani2 = —pani1 — qan, Gn43 = —Pani2 — ¢any1 and then

considering aZ_ 5 + gaZ,,, find the recurrence relation, which involves
a2 s,a2 4,02 and a?, satisfied by the sequence aZ, i > 0. Hence find

o]
the sum of the series > Cftr.
r=0



Year 13 challenge problems: compiled by D Almeida Page 7

1+it 14t
30. (a) (A) Use DeMoivre’s theorem to prove that (—Hanx) _ Ltrtanny

1—itanx 1—itannz’

(b) (C/D) By solving the relation in (a) for tan nz show that

p(tan x)

tannx =
q(tan z)

where p(tanz) and ¢g(tanx) are polynomials in tan x.

(¢) (D/E) By re-writing the equation cot nz = 1 as a polynomial in cot x
and using the theory of roots of polynomial equations prove that

S (U)o ma S (2T) e

r=0

31. (C/D) Given that o < 8 are some real constants. Use the substitution

e? = e cos?t + ef sin’t to show that

= / 1 40 — re—1/2(8+0)
¢t@ — =)

w 9v3
/3 1+tan6x)dx=T\[

33. (B/C) Prove that I = [/ ] Hﬂ dz = In2
sinx

34. (C/D) Use a trignometric substitution and then half angle formulae to

show that
3
/ ’ ! dx = il
Sz (\[—\/ix)\/l—sﬂ 2

32. (B/C) Prove that I = [
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35. (C/D) S is the infinite series given by:

1.35..(2r — 1)
2.4.6...(2r)

cos(x/2)
V2cosz

1 1.
S = cos 1775 cos 31:+—3 cos Hhr—

54 546 % Tr+.....4+(—1)

Use the fact that e = cosf + isin 6 to prove that S =

36. (A/B) Use the Arithmetic Mean-Geometric Mean inequality to prove the
following:

37. (B/C)

(a) By considering the global maximum of the function y =Inz — 2+ 1
prove that Inz < z — 1 whenever x > 0.

(b) Let z; and t;, 1 <4 < mn, be positive numbers such that
x1t1 + xots + ...... + zpt, =11+t + ... +t,=1

Prove that
ol aln <1

a a vt a
al*ab?...abr < ( 1P1+ dop + . ¥ GnPr

38. (C/D)

(a) Write down the Maclaurin series for In 2.
T

b) P that —
(b) Prove tha n=13n(3n + 1)

1
=3 fol In(1+2%) dz. You can assume that

fab icng;" da= io: fab a,x" dz, for a convergent series icnm"
n=1| n=1 n=1
(c) Let
1 1 1 1
51_1_§+§—1+5— .......
52:1+1+1,1,1,1 1+1—ififi+ .......
8§ 9 10 11 12

1 2
Hence deduce that Sy = 3 In2+ il

3v/3

cos(2r+1)z+....
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39. (B/C)

(a) Given that z is a complex number with its conjugate denoted by z*.
Solve the equation z*z + z 4+ z* +i(z + 2*) = 7+ 2i. Write down the
modulus |z| of the solution(s).

(b) The equation in part (a) is changed to |z|z+2z+|z|+i(z+]|2]) = T+2i.
Show that there are no solutions to this equation with z having the
same modulus as in part (a).

(¢) Prove that any solution z of |z|z + z + |2| +i(z + |z|) = 7 + 2¢ must
have 1.5 < |z| < 2.

40. (D/E) Given that a = cos (277T> <#isin (2:) <

(a) Find the quadratic equation whose roots are (a + a? + a*) and
(a® + a® + a®).
(b) By considering the root (a+a?+a*) of the quadratic equation in (a)

show that
o (5o (5o ()7

(¢) Show also that

e (7) fan (7)o (F) £ 4

41. (D/E)

sin 7x
(a) Given that sinz # 0. Use De Moivre’s theorem to express

- as
7 sin x
a polynomial in sin x.

7
(b) By considering the equation S

(2 o () o () 4

(¢) Deduce that

o (3 o () o (2)

= 0,sinz # 0, show that
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42. (D/E)

sin 7x

(a) Given that sinz # 0. Use De Moivre’s theorem to express as

o sinx
a degree 6 polynomial in sin z.

(b) Express the degree 6 polynomial in (a) as the product of two cubic
polynomials, each with no sinx term.

(c) Carefully explain why
in (2 fesin (A7) fogin (37 L VT
sin | = sin | — sin | — 5

(a) Find the roots of 2* + 1 = 0. Hence, or otherwise, express z% + 1 as
the product of two quadratic terms.

43. (B/C)

into partial fractions and hence find

1
/(wd

44. (C/D) Given set of 3 non mutually perpendicular vectors (a, b, ¢) not
lying on a plane, with a being a unit vector!, we can construct a set of 3
mutually perpendicular vectors (a, b, ¢’) as follows:

b) D —_
(b) Decompose e

* Let b = a+ kb, where k is a scalar such that b’ is perpendicular to a.
* Let ¢ = a+ Ib + mec, where [ and m are some scalars such that ¢ is
perpendicular to both @ and b'.

(S

1 1 .
Provethat k = ——; m=—— [ = <

b.a c.a (c.a)(t.)

IS4

Use this method to construct a set of 3 mutually perpendicular vectors
from the set

<\}6(i+2j+k),\}é(i+j+ 2k),\}§(i+j+k)><

1This is is simplify the calculations, the requirement is not strictly necessary.
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45. (C/D) Let (p, g, r) be a set of 3 mutually perpendicular unit vectors dis-
tinct from (4, j, k) such that

t=aip+azq+tazr; j=bip+bag+bsr; k=cip+cag+csr
where a,.,b,,c., 1 <r <3, are scalars.

Prove that

p=a1i+bij+cik q=ai+byj+ cok; = azi+ b3j+ czk

Hence deduce that if a,., b, c., 1 < r < 3, are scalars such that:

3 3 3 3 3 3
ZabefZC%land dSTapby =Y brer =Y crar =0

r=1 r=1 r=1 r=1 r=1 r=1

then

a?+0b2+c2=1when 1 <r < 3 and ana, + bpby + cme, = 0 in
the cases (m,n) = (1,2),(2,3) and (3,1).

46. (D/E)

(a) Express tan7z in terms of ¢ = tanz. Hence find the polynomial
equation in ¢ satisfied by tan 7z = 1.

(b) Deduce that

tam(7r —tan —ﬂ- tan om tan H—ﬂ tan 13—71- =8
2 8 28 28 28 )

9) (tan@ = 2sec (g — 20). Hence deduce that

<> sec

(c¢) Prove that tan

\I‘L\fl\?\ﬁ

(w
sec ( = fsec
7
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47. (C/D)

(a) A polynomial equation 2™ +a;2" "' +az2" 2 +..... + a, = 0 has real
coefficients and n distinct roots k;,1 < < n.

n
The sum of all p*® powers of the roots is S, = > k?.
r=1

The sum of all products of ¢,1 < ¢ < n, distinct roots is £,. So,
for example,
Yo = (kiko+kiks+ ...+ k1k,) + (koks+ ...+ kakpn) + oo + (kn—1kn).

Explain why

Sp—Sn—121+Sn—2Xa4 oo+ (=1)" S X + ... +(=1)"n%, =0.
(b) Given that n > 5 and a and b are real numbers such that the equa-

tion ™ — az™ ! + b = 0 has n distinct roots k;, 1 < i < n.

Also given the generalised equation satisified by the Sy and X,,:

Sp—Sp_181+Sp—2Zo+ ...+ (1) Sp—r Er+ ...+ (—1)PpE, = 0....(%)
whenever 1 < p < n.

i. Find the values of ¥4, 1 < ¢ < n.
ii. Find S, for1 <p<n—1.
iii. Find S, forn <p<2n—-1

48. (C/D) Given that 1 <2 <1+ 24, where A is a non-negative constant.

1 r—A-1 1 z—1
Prove th _ <i<i- :
(a) Prove that 3= = iy <z <1~ 1724
24 241+ A)
< < -7
(b) Deduce that T4 <In(1+424) < 124

19. (B/C)

(a) Let f(x) be a positive and non-increasing function and integrable in
the interval [a,a 4+ n], where n > 2. Show that

(b) Deduce that

n+2 n+1

<Inl 3)—Inln3 <
grlnr_ nin(n +3) —Inln _;TIDT
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50. (B/C)

(a) Given that z+a >0, x+b>0and b > a.

Show that the derivative of arcsin (x * a> S b—a .
T+b (x+b) x+b+a)

Find also the derivative of arccosh <$ * b) (
r+a

(b) Given that z > —1 find

1 1
——du; ——dx
/(a:+3)\/x+1 <($+1)\/l‘+3
51. (D/E)
(a) Given that A > 0 and
I, = /( 2"e 4% dg.
|
Prove that I,, = %In_l and hence deduce that I,, = %
sinh ax e
P h n — 1)k —((2k+1)b—a)x _ ,.n,—((2k+1)b+a)x
(b) Prove that x P kZ::o( ) ((Le z"e ) (
(¢) Hence, given that b > |a|, prove tha

pSinhaz  d" & (—1)* (—1)ktn
Lﬁf$C@hmfm‘RMHg%(@k+1wa"@k+1w+a>
52. (D/E)

(a) Given that —1 < & < 1 and that a is not a positive integer, determine
the binomial expansion of (1 + x)®.

(b) Given that n is an even positive integer and that
1+x)" = 14z + cox® + ...... +epqa™ 2

Prove that

1 1x3 Jr1><3><5 n Jr1><3....><(2n—3)
—C1 — C C3 T vevnnnn
27 2x47 T 2x4x6° 2% 4. % (2n —2)
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53. (C/D)
1 sec? 5

Prove that = '
(a) Prove tha a+beosz+esing  (a+b)+ (a—b)tan® § + 2ctan g

(b) Deduce that

E 2 2 + 2t
/0 (1+2cosx +sinz)(3+ 5cosx) dr = /( t=3)t+1)t+2)(t—2) dt

(¢) Hence prove that

8

H 2 q ! 23
/0 (14+2cosx +sinz)(3+ 5cosx) v 33
54. (A/B) ay,as, a3, ay are the roots of the equation x* —px34qz? —px+r = 0.
Given that 1 <4,j,k,l <4 and ¢ is distinct from j, k,l. Show that

(a; + aj)(a; +ag)(a; + ar)
1+ a?

has the same value for all 4 values of .

55. (C/D) Given that n is an odd positive integer.

(a) Using mathematical induction prove that
cos nx n—
In:/( dz = (-1)"T 7
cosx

Jn:/ sin2(n — Dztanzde = —m; n >3
(

Prove that J, = J,_o = —7m

(¢) Deduce that

2
Kn:/( 8 M — K, o+ 27 = nr
(

56. (A/B) The roots of the equation (1 + 22)? = az(l — 22) + b(1 — %),
where b # —1, are also the roots of 23 + pa? + g +r = 0. Prove that
pP—q¢>—r2+1=0.

57. (A/B) The roots of the equation x® + px + ¢ = 0 are a,b and c.

(a) If b = ke, where k is some non-zero scalar, prove that
PP(E*+ k) + ¢?(k* + k+1)° = 0.
. gk +k+1)
b) If 0 show that tis ———5—-=
(b) If g # 0 show that one root is DO+ R

roots in terms of p, ¢ and k.

and find the other two
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58. (C/D)

(a) Prove that if 0 < a < 7 then

/(' 1 a
——dz = —
1+ cosacosz sina

[ e
—dx
1+ cosacosx
when 7 < a < 27.

. e f o (2) o (2 (52

60. (B/C) Find the integer n for which

(b) Find the value of

45

H(1+tanr°) =2"

r=1

61. (C/D) Find x and y as mutliples of 7 given that

o R (WY [,

W\ fr 42 1
(b) TZ::O —1)"sin (%) 6 —3 tany.

62. (C/D) Given that the real polynomial f(z) = 3z° +ax* + b2+ ca® +dz+e
satisfies the following:

f(z) has remainder 4z + 5 when divided by (z? — 1)(z — 1).
f(z) has the same remainder when divided by 22 + 1 or by 22 + 3z + 3.

Find the values of a, b, ¢,d and e.

63. (B/C)
a+b ab

> 0.
4 a+b

(a) If a and b are positive numbers then show that
(b) If a,b and ¢ are positive numbers then show that

a+b+c ab be ca

— — >0
2 a+b b4+c c+a
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64. (D/E) The real valued function f(m,n) defined on pairs of non-negative
integers satisfies the following:
f(m,n) = f(m — 1,n) + f(m,n — 1), when both m and n are positive.
f(m,0) =1, when m > 0 and f(0,n) = 0, when n > 1.

m(m+ 1)

—

(b) Find f(m, 3) and hence make a conjecture about the value of f(m, k)
whenever k > 1.

(c) If =1 <z +y <1 prove that > Zg(m,n)xmy

(a) Show that f(m,1) = m and f(m,2) =

n__1-y
Cl-z—y

m=0 n=0|

(d) Hence prove the conjecture in part (b
65. (C/D) Prove that

. 1 1 1 T
2SIH<<+2+4+ ....... +2nl)4:\/2+ 4+ ... +\/§7

where there are n 2’s in the right hand side.

Let N,, = \/ -V 1 + + /2, where there are n 2’s under the square
1
root sign. Prove th > 3

Np
Nn—l

66. (C/D) By writing z = \/x 4 i,/y, solve the system of equations:

\/3x<1—|— 1 )—2
x+y

Gl

2sin 6
67. (C/D) Given that 6 is a real number and that f(z) = S

2 —2xcosf+1°

(a) Express the denominator in f(z) as a product of two linear factors
and then decompose f(z) into two partial fractions. Deduce that the
Maclaurin series of f(z) is > po o 2sin(n + 1)6z™.

1

(b) Deduce that i Yoregcos™fsin(n+1)0 ... (*)

sin

(c) When 6 = % prove that . cos™ fsin(n + 1)0 is a sum of two
geometric series. Hence justify (*) in the case § = %.
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68. (C/D) The sequence of distinct real numbers x;,4 > 0, satisfies the recur-
rence relation

xf_H —TTip1z; + ﬁ +9=0, where 2o =1 and z; =5
Prove the following statements
(a) Each z; is a positive integer.

(b) x;x;—1 — 1 is the square of an integer for ¢ > 0.

(c) r? — 4 is an integer for i > 0.

69. (C/D) The sequence of real numbers z;,i > 1, satisfies the recurrence
relation
%24 —xiTi—2+2=0, 1 >3, with 1 =22 =1
T

Ti—1

Find an expression for . Hence prove that each x; is a positive integer.

70. (A/B) A sequence of sums of squares is given below:
32442 =5% 524122 =132 7?4242 =25% 92 4+40% =41%.......
Write down the next two terms of the sequence.

Express algebraically the n'" term of the sequence and verify its valid-

1ty.
71. (B/C)
. (TN . (3T . (kT 1
(a) Confirm that sin <%> sin <2k> ( sin (%) = S0z (@)
for k=1 and 3.
(TN . (37 (=D 1
And that sin (ﬁ) sin (%) ..... sin <k 5% ) = SoDz (B)
for k =2 and 4.

3m

(b) Let = 2sin (%) in (1()). Prove that 222 + 3z — 2 = 0.

Deduce that the formula is («) is true also for k = 5.
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72. (C/D)
(a) Let E = sinx sin 3z sin 5z sin 7z, where 8z = g
1
Show that 8E = —.

V2

(b) Let k = 2", where n is some positive integer. Show that

. T . 3T . Wf B 1)71- _ 1
sin (%) sin <%) ..... sin (k o ) T 9(k—1)/2

73. (B/C) Given that a,b and ¢ are distinct real numbers such that each is
less than the sum of the other two. Prove that each is greater than the
distance between the other two.

Prove also that
2ab
a+b—c< —
c

74. (C/D)

(a) If f(x) = sinhz —a show that £f(0) = 0 and that f’(z) > 0 when = > 0.
Deduce that sinhz > 2 when z > 0 .

Similarly prove that that z > sinh™'  when z > 0.

(b) Prove that g(z) = x~!sinhz is an increasing function in the domain
x> 0.

(¢) Deduce that sinhzsinh™' 2 > 2% when z > 0.

75. (C/D) Using the identity e*® = cosz + isinx, where i = y/—1, find
(a) S, = cosz cosx + cos 2z cos® x + cos 3x cos® T + ...... + cosnx cos™ x.
(b)
()
(d)

T, = sinz cos x + sin 2z cos® z + sin 3z cos® z + ...... + sinnx cos™ x.
S = cosx cos T + cos 2z cos? z + cos 32 cos® T+ vveenn...
Too

= sinz cosx + sin 22 cos? x + sin 32 cos® = + ...
For parts (c) and (d) you can assume that e cos™ z — 0 as n — oo.
Deduce that

Uso = sinx sinx — cos 2x sin® x — sin 3z sin® = + cos 4z sin* z + sin 5z sin®
—cosbzsin®z —sin7xsin” T 4 covoveeeeee =0.

76. (B/C)
.11 1 L
(a) Find S, = - +———+ IX2x3% . x (n—1)x(n+1)

Tt Tx3TTxaxa
(b) If 0 < # < 1 find the sum of the infinite series

T = S1 4 Sox? + Ssz® + oo+ Spa™ + ...
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e

78.

79.

80.

81.

82.

83.

(C/D) Suppose that the cubic equation with real coefficients
ax® + bx? + cx +d = 0 can be written in the form

Lz +s)+ Mz +1t)>=0
with L and M non-zero.

(a) Write a, b, c and d in terms of the numbers L, M, s and t.
(b) Verify that s and ¢ are the roots of the quadratic equation

(ac —b*)y? — (ad — be)y + (bd — c*) = 0

(c) Deduce a condition that implies that the roots of the cubic equation
are not all real.

(B/C) Evaluate the integral
I_ / 14z
1+

(A/B) The cubic equation with real coefficients 23 + az? + bz + a = 0,
with b #£ 1, has three real roots p, ¢ and r.

N

dx.

wl=

Prove that tan™!' p +tan~! ¢ + tan~! » = nm, where n is some integer.

(B/C) Find the sum of the infinite series

22 32 ,’,,2
1+f+§+ ..... —|—7'—|— ......

(B/C) A triangle has sides of length a,b and c. Prove that

3(ab + be+ ca) < (a+ b+ c)? < 4(ab+ be + ca).

(A/B). The angle biscector of angle C' in triangle ABC meets AB in D.

Prove that CD = M.
a+b

(A/B) It is given that p is a non-zero positive integer and that the sequence
a;;1 > 0 satisfies ag = 0 and a;+1 = pa; + —1)a? 4+ 1 for i > 0.

(a) Prove that the relation a;; = pa; + — 1)a? + 1 is equivalent to
afH — 2pa;a;1 +a? —1=0.

(b) Use the relation a?, | — 2pa;a;1 +a? — 1 = 0 to find a relation of the
type Ka;y1 + 2pLa; + Ma;—1 = 0, where K, L and M are integers.

(c) Hence prove that each a; is an integer and that 2p divides every
agj,j Z 1.
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n=0|TV!

4. (B/C) Given that Zg

(a) By considering n® and n* as n® = n® —n? +n? —n +n and
i_ 4

n* =n* —n®+n® —n? +n? — n+ n show that

nij:O@ - (ni;/("—l?’)! +n§2((n 2)! +nz2<( 2)! i((”— 1)! ) (

o nt oS 1 x 3 oS 2 4
z:!::<Z/n—®f%z?n—$f%26n—$f%Z )J+
2

n=0 T n=3 n=3 n 2
00 / 1 00 , 0 p 1
n2=:3 (n_ 3)‘ +nz=:2((n_2)' +nZ=:2£( - 2) n= 1<TL—1 ')
3

o0
Hence determine ) f/— and > /— in terms of e.
n=0 n! n=0 n!

(b) Given that k is a positive intege Use the results of (a) to make a

k

conjecture about the sum of Z — in terms of k£ and e. Substitute
n=0 n!
k = 3 and 4 to test the conjectute.

85. (A/B) A infinitely long rectangular strip of paper k& cm wide is folded

so that it does not completely overlap (as shown in the section diagram
2

below). Prove that the minimum area of overlap is 5 sq.cm.

86. (B/C)

(a) Show that the family of parabolae with equations y = 22 + 2ax + a,
where a is any real number, have a common point and that their
minimum points lie on a parabola.

(b) For the parabolae with equations y = 22 + 2az + a that have three
intercepts on the axes, determine the equation of the circle that passes
through these three intercepts. Hence identify the coordinates of any
common point(s) of the family of these circles.
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87. (A/B) In a triangle ABC with the usual conventions of sides of lengths
a,b,c and angles A, B, C.
Given that A = 3B. Show that (a? — b?)(a — b) = bc?.

88. (C/D) An arithmetic series of 100 terms has the property that the sum of
the even numbered terms (i.e. the 274, 40 98 and 100" terms) is 1,
while the sum of odd numbered terms is —2. Find the sum of the squares
of all 100 terms.

89. (C/D) The family of parabolae with equations y = x? + px + ¢ have three
intercepts on the axes. Show that the equation of the circle that passes
through these three intercepts is 2% + y? + pr — (1 + q)y + ¢ = 0. Hence
identify the coordinates of any common point(s) of the family of these
circles.

1 1\2 1
90. (C/D) Show that (x - ) (+ (1 — ) = f
xT xT 1\ : 1

1 1\2
Hence solve the equation z = (ac - ) Z(—i— (1 — ) .
x T

91. (B/C) Given that f(z) = 2® — 2az — a® — 3, where a is a real constant.
Find the range of values of a for which |f(z)| < 1 in the interval [0, 1].

92. (B/C)

(a) Find the positive integer n such that n(n + 1) = 40743420.
1 1 1 1

(b) S=1+ T+ —+ — T + — T
1+§ 1+§+6 1+§+8+E 1+§+6+ ..... +m

Prove that S > 1009.5.

93. (B/C) A and B are the roots of the equation 22 —x — 1 = 0 and

A" — B"

ﬁ, fOI‘TLZO.

Ap =

Prove that a,42 = any1 + a, for n > 2.

94. (C/D) Show that E = a®(c — b) + b°(a — ¢) + ¢°(b — a) can be written
as F ((a+ b+ c)(a® 4+ b* + ¢?) + abe) (vhere the factor F' has to be deter-
mined.
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95.

96.

97.

98.

99.

100.

101.

(B/C) Find the six solutions of the equation (1 + 22)(1 + z%) = 423.
(B/C) Find the real solutions of the equation 22 + 2z sin(zy) + 1 = 0.

(C/D) Given that each of a,b and ¢ are non-negative numbers.

Prove that a + b + ¢ > 0.
b+c a+c a+bd

(C/D) Use the generalised remainder theorem to find the value of k such
that 2° +y° + 2° + k(2% + 3° + 2%) (2% + 9 + 2?) has factor (z +y + 2).

For this value of k show that (x +y+ 2)? is also a factor of the expression.

(C/D) Given that sinz + siny = a and cosx + cosy = b .

(a) Prove that tan Tty

= % and that 2 + 2 cos(x — y) = a? + b2
(b) Deduce that

Atan? g + Atan? % + Atan? gtan2g+tangtan% —A=0,

where A = 4 — a2 — b2.

. _ A2 _ b2
(c) Also prove that tan v 5 L M'

(d) Find the values of tang and tan% in the case that a = b = /2.

2

us 1 +2

(B/C) A sequence is defined by u; =1, ug = N and u,, = %, for
-2
n > 3. "
Show that =t — e Un=2 g g
Up—2 Unp—1 + Un—3

Hence show that u, = au,_1 + bu,_o for n > 3, where the values a

and b have to be determined.

For what values of IV is each u,, an integer?

(B/C) An increasing sequence is defined by u; = us = uz = 1 and
1+ UpUp—1
Uppl = ——————,
Up—2

for n > 4.

Prove that u,4+1 = aun—1 + bu,_3 for n > 3, where a and b are inte-
gers to be found. Deduce that each u, an integer.
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102. (C/D)

(a) Prove that sin5z = 16sin® x — 20sin® x + 5sin .

(b) Express cos36° — cos 72° in terms of sin36°. Hence find the exact
value of cos 36° — cos 72°.

103. (B/C) Given that n > 2 and r > 0 are integers. Prove that

n+\/n2—4>r
2

T

2

ky ++/k?—4

can be written as , where k,. is an integer, for r = 2,3,4,5, 6.

104. From the previous problem we get a strong conjecture that

bt B

prove the conjectue without using brute force algebra is the essence of this
problem.

n—|—\/n2—4>r
2

can be written as , where k,. is an integer, for r > 1. To

(a) Let r be a positive integer. In the case the r is even show that
A"+ B" = (A+ B)" — "C1AB(A""2 4+ B"72) — "Co(AB)?*(A™* +
BT — ... — "Ch2(AB)/2.

In the case the r is odd show that
A"+ B" = (A+ B)" — "ClAB(A"_2 + BT'_Q) — TCQ(AB)Q(A"_4 +
Br_4) — e — TC(rfl)/g(AB)(r_l)/Q(A—f—B).

(b) Prove that if A and B are the roots of the equation 22 — nx +1 =0
then A" + B", where r is a positive integer, is always an integer.
Hence prove the conjecture made above.

3
105. (A/B) Find all solutions of the equation L a2 -4=0

Va4 — 22

106. (B/C)
(a) Given that z # 0. Evaluate the sum f(z) =2 14+ 272 +..... +ax "
and then find M
dx
1 3 5 7 2n—1 a(2"—-1)—bn
(b) Hence prove that 3 + %) + 5] + 5 + ot = o ,

where a and b are integers to be found.
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107.

108.

(B/C) Let u, be a sequence defined by u; = 1 and u, = 1 + ujug....ttp—1,
whenever r > 1.

r=1

noo1 1
Prove that > ( m — ———, where m is an integer to be found.
Uy
Deduce the valte of Z(
1| Ur

Show that "~ 1Cy +"" 1 Cy_1 =" Cj.

Hence prove that

"Co+(—1) x"Cr4-(—1)2 X" Co+(=1)>x"C3+........ +(=1)"x"C, = (=1)"x""'C,
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	Hence show that is the square of a polynomial in sin x. 
	1 − sin x 
	(b) If n is a positive integer show that sin 2nx and cos(2n + 1)x can be 
	both expressed as the product of cos x and some polynomial in sin x. 
	1 − sin(4n + 1)x 

	Show that is the square of a polynomial in sin x. 
	1 − sin x 
	28. (C/D) Let v be some real number and i the imaginary square root of −1. Then it is given that cos(iv) = cosh v and sin(iv)= i sinh v. 
	It is also given that the formulae cos(A + B) = cos A cos B − sin A sin B and sin(A + B) = sin A cos B + cos A sin B are also valid for complex numbers A and B. 
	-

	Now suppose that (x + iy) = cot(u + iv) where x, y, u and v are some real numbers. Show that 
	22 
	x + y − 2x cot 2u − 1=0 and x + y +2y coth 2v +1 =0 
	2 
	2 

	Using coordinate geometry further show that, for constant u and v, the two circles represented by the equations above cut orthogonally (the tangents at the points of intersection are perpendicular) and that the angle between the lines joining (0, ±1) to a point on the ﬁrst circle is 2u. 
	-

	29. (B/C) The sequence of real numbers ai,i ≥ 0, with a= 2 and a= −p satisﬁes the recurrence relation an+2 = −pan+1 − qan . Show that 
	0 
	1 

	∞
	X 
	2+ pt
	2+ pt

	r 
	art = . 
	1+ pt + qt
	2 

	r=0 
	By squaring an+2 = −pan+1 − qan, an+3 = −pan+2 − qan+1 and then 22
	considering a ﬁnd the recurrence relation, which involves 
	n+3 n+2
	+ qa
	, 

	2222 2
	a,a,a and a , satisﬁed by the sequence a,i ≥ 0. Hence ﬁnd
	n+3
	n+2
	i 

	n+1 n 
	∞
	P 
	2r
	t

	the sum of the series a .
	r r=0 
	..
	n
	1+ i tan x 1+ i tan nx 
	30. (a) (A) Use DeMoivre’s theorem to prove that = . 
	1 − i tan x 1 − i tan nx 
	(b) (C/D) By solving the relation in (a) for tan nx show that 
	p(tan x)
	p(tan x)

	tan nx = 
	q(tan x) 
	where p(tan x) and q(tan x) are polynomials in tan x. 
	(c) (D/E) By re-writing the equation cot nx = 1 as a polynomial in cot x and using the theory of roots of polynomial equations prove that 
	n−1 .. n−1 ..
	XX
	(4r + 1)π 
	(4r + 1)π 
	(4r + 1)π

	2
	cot = n and cot = n(2n − 1). 
	4n 4n 
	r=0 r=0 
	31. (C/D) Given that α<β are some real constants. Use the substitution 
	θα 2
	e =e cos t +esint to show that 
	β 
	2 

	Z 
	β 

	1 
	−1/2(β+α)
	I = p dθ = πe α 
	(e
	θ 
	− e
	α
	)(e
	β 
	− e
	θ
	) 

	√
	π/3 9
	R
	3 

	32. (B/C) Prove that I = (1 + tanx)dx = 
	6 

	0 
	5 
	r
	Rπ/2 1 − sin x 
	33. (B/C) Prove that I =dx = ln2 
	0 
	1 + sin x 
	34. (C/D) Use a trignometric substitution and then half angle formulae to √ 
	show that 

	3 2 
	3 2 

	Z 
	1 π 
	√ √√ dx = − (− x)2 
	√ 
	2
	3 
	3 
	2
	1 − x
	2 

	35. (C/D) S is the inﬁnite series given by: 11.31.3.5
	1.3.5...(2r − 1)

	S = cos x− cos 3x+ cos 5x− cos 7x+.....+(−1)cos(2r+1)x+.... 
	r 

	22.42.4.62.4.6....(2r) cos(x/2)
	iθ
	Use the fact that e = cos θ + i sin θ to prove that S = √ . 
	2 cos x 
	2 cos x 

	36. (A/B) Use the Arithmetic Mean-Geometric Mean inequality to prove the following: 
	n
	P i +1 √ 
	(a) ≥ n 
	n 
	n + 1. 
	i
	i=1 
	r 
	n
	P i − 1
	1 

	(b) 
	i
	i=2 
	≥ n 
	n
	− 1. 
	n 
	..
	�√ .Pn 11 
	n 
	n +1 − 1 ≤≤ 1+ n 1 −√
	n +1 − 1 ≤≤ 1+ n 1 −√
	Hence deduce that n 
	. 

	i
	n
	n
	i=1 

	37. (B/C) 
	37. (B/C) 
	(a) 
	(a) 
	(a) 
	By considering the global maximum of the function y = ln x − x +1 prove that ln x ≤ x − 1 whenever x> 0. 

	(b) 
	(b) 
	Let xi and ti,1 ≤ i ≤ n, be positive numbers such that 


	xt+ xt+ ...... + xntn = t+ t+ ..... + tn =1 Prove that 
	1
	1 
	2
	2 
	1 
	2 

	ttt 
	1 
	2 

	x......x 
	1 
	2 

	≤ 1
	n
	x 
	n 
	(c) Deduce that if ai and pi, 1 ≤ i ≤ n, are positive numbers then 
	..
	p+p+.....+pn 
	1
	2

	a
	a
	1
	p
	1 
	+ a
	2
	p
	2 
	+ .... + anpn

	pppn
	1 
	2 

	a a ....a ≤
	12 n 
	p+ p+ ..... + pn 
	1 
	2 


	38. (C/D) 
	38. (C/D) 
	(a) Write down the Maclaurin series for ln 2. 
	∞
	P 1 R
	(−1)
	n+1 
	1

	(b) Prove that = ln(1+x)dx. You can assume that
	(b) Prove that = ln(1+x)dx. You can assume that
	3


	0 
	n=1 3n(3n +1) 3 
	∞∞ ∞
	Rb P PRb P 
	n
	anxdx = anxdx, for a convergent series anx . 
	n 
	n 

	aa 
	n=1 n=1 n=1 
	(c) Let 1111 
	S=1 − + − + − ....... 
	1 

	2345 11111111 1 1 1 
	S=1+ + −−− +++ −−− + ....... 
	2 

	2 3 4 5 6 7 8 9 10 11 12 2 R
	1

	Prove that S+ S=2+ ln(1+ x)dx.
	Prove that S+ S=2+ ln(1+ x)dx.
	1 
	2 
	3


	0
	3 12π 
	Hence deduce that S= ln2+ 
	2 
	√ 

	3 3
	3 


	39. (B/C) 
	39. (B/C) 
	∗
	(a) Given that z is a complex number with its conjugate denoted by z . 
	∗∗
	Solve the equation zz + z + z + i(z + z ) = 7+2i. Write down the modulus |z| of the solution(s). 
	∗

	(b) 
	(b) 
	(b) 
	The equation in part (a) is changed to |z|z+z+|z|+i(z+|z|) = 7+2i. Show that there are no solutions to this equation with z having the same modulus as in part (a). 

	(c) 
	(c) 
	Prove that any solution z of |z|z + z + |z| + i(z + |z|)=7+2i must have 1.5 < |z| < 2. 


	.. .. 
	2π 2π 
	40. (D/E) Given that a = cos + i sin . 
	77 
	2
	(a) 
	(a) 
	(a) 
	(a) 
	Find the quadratic equation whose roots are (a + a + a) and 35
	4


	(a + a + a). 2
	6


	(b) 
	(b) 
	By considering the root (a + a + a) of the quadratic equation in (a) show that 
	4



	.. .. .. √ 
	2π 4π 8π 
	7 

	sin +sin +sin = 
	7 7 72 
	(c) Show also that 
	.. .. .. √ 
	2π 4π 8π 
	7 

	sin+ sin+ sin= 
	3 
	3 
	3 

	7 7 72 

	41. (D/E) 
	41. (D/E) 
	sin 7x 
	(a) Given that sin x 6= 0. Use De Moivre’s theorem to express as 
	sin x 
	a polynomial in sin x. sin 7x 
	(b) By considering the equation = 0, sin x =6 0, show that 
	sin x 
	.. .. .. 
	2π 4π 8π 14 
	sin+ sin+ sin= 
	2 
	2 
	2 

	7 7 78 
	(c) Deduce that 
	.. .. .. 
	2π 4π 8π
	222
	tan +tan +tan =21 
	777 

	42. (D/E) 
	42. (D/E) 
	sin 7x 
	(a) Given that sin x 6= 0. Use De Moivre’s theorem to express as 
	sin x 
	a degree 6 polynomial in sin x. 
	(b) 
	(b) 
	(b) 
	Express the degree 6 polynomial in (a) as the product of two cubic polynomials, each with no sin x term. 

	(c) 
	(c) 
	Carefully explain why 


	.. .. .. √ 
	2π 4π 8π 
	7 

	sin +sin +sin = 
	7 7 72 

	43. (B/C) 
	43. (B/C) 
	(a) 
	(a) 
	(a) 
	(a) 
	Find the roots of x+ 1 = 0. Hence, or otherwise, express x+1 as 
	4 
	4 


	the product of two quadratic terms. 1 

	(b) 
	(b) 
	Decompose into partial fractions and hence ﬁnd 


	x
	x
	4 
	+1 

	Z 
	1 
	dx. 
	x
	x
	4 
	+1 

	44. (C/D) Given set of 3 non mutually perpendicular vectors (, , ) not lying on a plane, with being a unit vector, we can construct a set of 3 mutually perpendicular vectors (, , ) as follows: 
	a
	b
	c
	a 
	1 
	a
	b
	0 
	c
	0

	* 
	* 
	* 
	Let = + k, where k is a scalar such that is perpendicular to . 
	b
	0 
	a 
	b
	b
	0 
	a


	* 
	* 
	Let = + l+ m, where l and m are some scalars such that is perpendicular to both and . 
	c
	0 
	a 
	b
	0 
	c
	c
	0 
	a 
	b
	0 



	11 .
	c
	b
	0 

	Prove that k = − ; m = − ; l = 
	..
	b
	ac
	a 
	(
	c
	.
	a
	)(
	b
	0 
	.
	b
	0
	) 

	Use this method to construct a set of 3 mutually perpendicular vectors from the set 
	.. 
	111 
	(+2+ ), (+ +2), (+ + )
	√ 
	i 
	j 
	k
	√ 
	i 
	j 
	k
	√ 
	i 
	j 
	k

	663 
	663 

	This is is simplify the calculations, the requirement is not strictly necessary. 
	1

	45. (C/D) Let (, , ) be a set of 3 mutually perpendicular unit vectors distinct from (, , ) such that = a+ a+ a; = b+ b+ b; = c+ c+ cwhere ar,br,cr, 1 ≤ r ≤ 3, are scalars. Prove that 
	p
	q
	r
	-
	i
	j
	k
	i 
	1
	p 
	2
	q 
	3
	r
	j 
	1
	p 
	2
	q 
	3
	r
	k 
	1
	p 
	2
	q 
	3
	r 

	= a+ b+ c; = a+ b+ c; = a+ b+ cHence deduce that if ar,br,cr, 1 ≤ r ≤ 3, are scalars such that: 
	p 
	1
	i 
	1
	j 
	1
	k
	q 
	2
	i 
	2
	j 
	2
	k
	r 
	3
	i 
	3
	j 
	3
	k 

	333 333
	PPP PPP
	22
	a = b= c = 1 and arbr = brcr = crar =0
	2 

	rrr r=1 r=1 r=1 r=1 r=1 r=1 
	then 
	22
	a+ b+ c= 1 when 1 ≤ r ≤ 3 and aman + bmbn + cmcn = 0in the cases (m, n) = (1, 2), (2, 3) and (3, 1). 
	r 
	r 
	2 
	r 


	46. (D/E) 
	46. (D/E) 
	(a) 
	(a) 
	(a) 
	Express tan 7x in terms of t = tan x. Hence ﬁnd the polynomial equation in t satisﬁed by tan 7x = 1. 

	(b) 
	(b) 
	Deduce that 


	.. .. .. .. ..
	.. .. .. .. ..
	..

	π 3π 5π 9π 11π 13π 
	tan −tan +tan +tan −tan +tan =8 
	2828 28 28 28 28 
	.. ..
	ππ 
	(c) Prove that tan − θ +tan θ = 2 sec − 2θ . Hence deduce that 
	22
	.. ..
	.. ..
	..

	π 2π 3π 
	sec − sec +sec =4. 
	77 7 

	47. (C/D) 
	47. (C/D) 
	nn−1 n−2
	(a) A polynomial equation x + ax + ax + ..... + an = 0 has real coeﬃcients and n distinct roots ki, 1 ≤ i ≤ n. 
	1
	2

	n
	P
	th p
	k

	The sum of all p powers of the roots is Sp = . 
	i 

	r=1 
	The sum of all products of q, 1 ≤ q ≤ n, distinct roots is Σq. So, for example, Σ=(kk+ kk+.... + kkn)+(kk+.... + kkn)+..... +(kn−1kn). 
	2 
	1
	2 
	1
	3 
	1
	2
	3 
	2

	Explain why Sn − Sn−1Σ+ Sn−2Σ+ ..... +(−1)Sn−rΣr + ...... +(−1)nΣn = 0. 
	1 
	2 
	r
	n

	(b) Given that n ≥ 5 and a and b are real numbers such that the equation x− ax+ b = 0 has n distinct roots ki, 1 ≤ i ≤ n. 
	-
	n 
	n−1 

	Also given the generalised equation satisiﬁed by the Sk and Σm: 
	Sp −Sp−1Σ+Sp−2Σ+....+(−1)Sp−rΣr +....+(−1)pΣp =0....(∗) 
	1 
	2 
	r
	p

	whenever 1 ≤ p ≤ n. 
	i. Find the values of Σq,1 ≤ q ≤ n. 
	ii. Find Sp for 1 ≤ p ≤ n − 1. 
	iii. Find Sp for n ≤ p ≤ 2n − 1 
	48. (C/D) Given that 1 ≤ x ≤ 1+2A, where A is a non-negative constant. 1 x − A − 11 x − 1 
	(a) 
	(a) 
	(a) 
	(a) 
	Prove that − ≤≤ 1 − . 

	1+ A x 1+2A 2A 
	(1 + A)
	2 
	2A(1 + A)


	(b) 
	(b) 
	Deduce that ≤ ln(1 + 2A) ≤ . 


	1+ A 1+2A 

	49. (B/C) 
	49. (B/C) 
	(a) Let f(x) be a positive and non-increasing function and integrable in the interval [a, a + n], where n> 2. Show that 
	Z 
	a+n 
	f(a+1)+f(a+2)+.....+f(a+n) ≤ f(x)dx ≤ f(a)+f(a+1)+.....+f(a+n−1) 
	a 
	(b) Deduce that 
	n+2 n+1
	X

	X
	11 
	≤ ln ln(n + 3) − ln ln 3 ≤ 
	r ln rr ln r 
	r=3 r=2 

	50. (B/C) 
	50. (B/C) 
	(a) Given that x + a> 0, x + b> 0 and b>a. 
	.. √ 
	x + a
	b − a 

	Show that the derivative of arcsin is p . 
	x + b (x + b) 
	(2x + b + a)

	.. 
	x + b 
	Find also the derivative of arccosh . 
	x + a 
	(b) Given that x> −1 ﬁnd 
	ZZ 
	11 
	√ dx; √ dx 
	(x + 3) (x + 1) x +3 
	x +1 


	51. (D/E) 
	51. (D/E) 
	(a) Given that A> 0 and 
	Z 
	∞ 

	n 
	dx.
	−Ax 

	In = x e 
	0 
	nn! 
	Prove that In = In−1 and hence deduce that In =. 
	A
	A
	n+1

	A 
	∞
	sinh ax PŁ . 
	nn −((2k+1)b−a)x n −((2k+1)b+a)x
	− x

	(b) Prove that x =(−1)x ee 
	k 

	cosh bx 
	k=0 
	(c) Hence, given that b> |a|, prove that 
	Z ∞ ..
	∞ n X
	d

	sinh ax 
	(−1)
	k 
	(−1)
	k+n 

	n 
	x dx = − 
	cosh bx da(2k + 1)b − a (2k + 1)b + a
	n 

	0 
	k=0 

	52. (D/E) 
	52. (D/E) 
	(a) 
	(a) 
	(a) 
	Given that −1 <x< 1 and that a is not a positive integer, determine the binomial expansion of (1 + x). 
	a 


	(b) 
	(b) 
	Given that n is an even positive integer and that 


	2 n−1 n
	(1 + x)=1+ cx + cx + ...... + cn−1x + x 
	n 
	1
	2

	Prove that 11 × 31 × 3 × 5
	1 × 3.... × (2n − 3) 

	c− c+ c+ ....... + cn−1 =1 
	1 
	2 
	3 

	22 × 42 × 4 × 62 × 4..... × (2n − 2) 

	53. (C/D) 
	53. (C/D) 
	2 x
	1 sec 
	2
	2

	(a) Prove that = . 
	x
	x

	a + b cos x + c sin x (a + b)+(a − b) tan+2c tan 
	2 
	x 

	2 
	2

	(b) Deduce that 
	π
	π

	ZZ 
	2
	2 
	2+2t
	1 
	2 

	dx =dt 
	(1 + 2cos x + sin x)(3 + 5cos x)(t − 3)(t + 1)(t + 2)(t − 2)
	(1 + 2cos x + sin x)(3 + 5cos x)(t − 3)(t + 1)(t + 2)(t − 2)

	00 
	(c) Hence prove that 
	π
	π

	Z
	8 
	2
	22 
	dx = ln 
	3 
	3 
	2
	(1 + 2cos x + sin x)(3 + 5cos x)
	0 3 
	3
	54. (A/B) a,a,a,aare the roots of the equation x−px +qx−px+r = 0. Given that 1 ≤ i, j, k, l ≤ 4 and i is distinct from j, k, l. Show that 
	1
	2
	3
	4 
	4 
	2 

	(ai + aj )(ai + ak)(ai + al) 
	2
	1+ a
	i 
	has the same value for all 4 values of i. 
	55. (C/D) Given that n is an odd positive integer. 
	(a) Using mathematical induction prove that 
	Z 
	π 

	n−1 
	cos nx 

	In =dx =(−1)
	2
	π 
	cos x
	0 
	(b) 
	Z 
	π 

	Jn = sin 2(n − 1)x tan x dx = −π; n ≥ 3 
	0 
	Prove that Jn = Jn−2 = −π 
	(c) Deduce that 
	Z 
	π 
	2

	cos nx 
	Kn =dx = Kn−2 +2π = nπ 
	Kn =dx = Kn−2 +2π = nπ 

	0 
	0 
	cos
	2 
	x 

	56. (A/B) The roots of the equation (1 + x)= ax(1 − x)+ b(1 − x), 
	2
	2 
	2
	4

	32
	where b =6−1, are also the roots of x + px + qx + r = 0. Prove that p− q− r+1 = 0. 
	2 
	2 
	2 

	3
	3

	57. (A/B) The roots of the equation x + px + q = 0 are a, b and c. 
	(a) 
	(a) 
	(a) 
	(a) 
	If b = kc, where k is some non-zero scalar, prove that 

	p(k+ k)+ q(k+ k + 1)= 0. 
	3
	2 
	2 
	2
	2 
	3 
	q(k
	2 
	+ k + 1) 


	(b) 
	(b) 
	If q 6= 0 show that one root is − and ﬁnd the other two 


	p(k+ k) 
	2 

	roots in terms of p, q and k. 

	58. (C/D) 
	58. (C/D) 
	(a) Prove that if 0 <a<π then 
	Z 
	π 

	1 a 
	dx = 
	1 + cos a cos x sin a
	0 
	(b) Find the value of 
	Z 
	π 

	1 
	dx 
	1 + cos a cos x
	0 
	when π<a< 2π. 
	... ... .. 
	n
	Q 2π 2π 
	(2r − 1)π 

	59. (A/B) Prove that cos + sin cot = 1 
	nn n
	r=1 
	60. (B/C) Find the integer n for which 
	45
	Y 
	(1 + tan r )=2r=1 
	◦
	n 

	61. (C/D) Find x and y as mutliples of π given that 
	.. 
	10
	P 1 
	(4r + 2)π 

	(a) sin = tan x. 
	r=0 23 2 10
	. 
	. 

	P 1 
	(4r + 2)π 

	(b) (−1)sin = − tan y. 
	r 

	23 2
	r=0 
	r=0 
	54 2

	62. (C/D) Given that the real polynomial f(x)=3x +ax +bx+cx +dx+e satisﬁes the following: 
	3 

	f(x) has remainder 4x + 5 when divided by (x− 1)(x − 1). f(x) has the same remainder when divided by x+1 or by x+3x + 3. 
	2 
	2 
	2 

	Find the values of a, b, c, d and e. 

	63. (B/C) 
	63. (B/C) 
	a + b ab 
	(a) 
	(a) 
	(a) 
	If a and b are positive numbers then show that −≥ 0. 

	(b) 
	(b) 
	If a, b and c are positive numbers then show that 


	4 a + b 
	a + b + c ab bc ca 
	−−− ≥ 0. 
	2 a + bb + cc + a 
	64. (D/E) The real valued function f(m, n) deﬁned on pairs of non-negative integers satisﬁes the following: f(m, n) = f(m − 1,n) + f(m, n − 1), when both m and n are positive. f(m, 0)=1, when m ≥ 0 and f(0,n) = 0, when n ≥ 1. 
	m(m + 1) 
	m(m + 1) 

	(a) 
	(a) 
	(a) 
	Show that f(m, 1) = m and f(m, 2)= . 

	(b) 
	(b) 
	Find f(m, 3) and hence make a conjecture about the value of f(m, k) whenever k ≥ 1. 


	2 
	∞∞
	PP 
	1 − y

	mn
	(c) If −1 ≤ x + y ≤ 1 prove that f(m, n)xy =. 
	m=0 n=0 1 − x − y 
	(d) Hence prove the conjecture in part (b). 
	65. (C/D) Prove that 
	r
	. .q 
	√

	11 1 π 
	2sin 1+ + + ....... + =2+ 2+ ...... +,
	2

	2
	2
	n−1

	24 4 
	where there are n 2’s in the right hand side. 
	q 
	p √ Let Nn =2 − 2+ ...... + , where there are n 2’s under the square 1 
	2
	Nn 

	root sign. Prove that > . 
	Nn−1 2 
	√√ 
	66. (C/D) By writing z = + i, solve the system of equations: 
	x 
	y

	..
	√ 
	1 
	3x 1+ =2 
	x + y
	.. 
	p 1 √ 
	1 − =4 2 
	7y 

	x + y 
	2 sin θ 
	67. (C/D) Given that θ is a real number and that f(x)= . 
	x
	x
	2 
	− 2x cos θ +1 

	(a) Express the denominator in f(x) as a product of two linear factors and then decompose f(x) into two partial fractions. Deduce that the 
	P∞
	Maclaurin series of f(x) is 2 sin(n + 1)θx
	n 

	k=0 1 P∞
	. 

	(b) Deduce that = cosθ sin(n + 1)θ ........(*)
	k=0 
	n 

	sin θ 
	P∞
	π
	π

	(c) When θ = prove that cosθ sin(n + 1)θ is a sum of two 
	k=0 
	n 

	3 
	π
	π

	geometric series. Hence justify (*) in the case θ =.
	3 
	68. (C/D) The sequence of distinct real numbers xi,i ≥ 0, satisﬁes the recurrence relation 
	-

	22 
	x− 7xi+1xi + x +9 =0, where x= 1 and x=5
	i+1 
	0 
	1 

	i 
	Prove the following statements 
	(a) 
	(a) 
	(a) 
	Each xi is a positive integer. 

	(b) 
	(b) 
	xixi−1 − 1 is the square of an integer for i ≥ 0. 


	p 
	2
	(c) 5x − 4 is an integer for i ≥ 0.
	i 
	69. (C/D) The sequence of real numbers xi,i ≥ 1, satisﬁes the recurrence relation 
	2 
	x− xixi−2 +2 =0,i ≥ 3, witn x= x=1 xi
	i−1 
	1 
	2 

	Find an expression for . Hence prove that each xi is a positive integer. xi−1 
	70. (A/B) A sequence of sums of squares is given below: 
	3+4=5;5+ 12= 13;7+ 24= 25;9+ 40= 41; ........ 
	2 
	2 
	3
	2 
	2 
	2
	2 
	2 
	2
	2 
	2 
	2

	Write down the next two terms of the sequence. 
	th
	Express algebraically the n term of the sequence and verify its validity. 
	-


	71. (B/C) 
	71. (B/C) 
	.. ..
	..
	π 3π kπ 1 
	(a) Conﬁrm that sin sin ..... sin = .....(α)
	2
	2
	(k−1)/2

	2k 2k 2k for k = 1 and 3. 
	... .
	..
	π 3π 1 
	(k − 1)π 

	And that sin sin ..... sin = .....(β)
	2
	2
	(k−1)/2

	2k 2k 2k for k = 2 and 4. 
	..
	.. 
	(b) Let x = 2 sin sin . Prove that 2x+3x − 2 = 0. 
	π 
	3π 
	2 

	10 10 Deduce that the formula is (α) is true also for k = 5. 

	72. (C/D) 
	72. (C/D) 
	π 
	(a) Let E = sin x sin 3x sin 5x sin 7x, where 8x =. 
	2 
	1 
	Show that 8E = . 
	√ 

	2 
	2 

	(b) Let k =2, where n is some positive integer. Show that 
	n 

	... .
	... .
	..

	π 3π 1 
	(k − 1)π 

	sin sin ..... sin = 
	2
	2
	(k−1)/2

	2k 2k 2k 
	73. (B/C) Given that a, b and c are distinct real numbers such that each is less than the sum of the other two. Prove that each is greater than the distance between the other two. 
	Prove also that 
	2ab 
	a + b − c< 
	c 

	74. (C/D) 
	74. (C/D) 
	(a) 
	(a) 
	(a) 
	(a) 
	If f(x) = sinh x−x show that f(0) = 0 and that f’(x) ≥ 0 when x ≥ 0. Deduce that sinh x>x when x> 0. 

	Similarly prove that that x> sinhx when x> 0. 
	−1 


	(b) 
	(b) 
	Prove that g(x)= xsinh x is an increasing function in the domain x> 0. 
	−1 


	(c) 
	(c) 
	Deduce that sinh x sinhx>xwhen x> 0. 
	−1 
	2 



	√ 
	ix
	75. (C/D) Using the identity e = cos x + i sin x, where i = , ﬁnd 
	−1

	2
	(a) 
	(a) 
	(a) 
	Sn = cos x cos x + cos 2x cos x + cos 3x cosx + ...... + cos nx cosx. 23 n
	3 
	n 


	(b) 
	(b) 
	Tn = sin x cos x + sin 2x cos x + sin 3x cos x + ...... + sin nx cos x. 

	(c) 
	(c) 
	S∞ = cos x cos x + cos 2x cos x + cos 3x cos x + ............ 

	(d) 
	(d) 
	T∞ = sin x cos x + sin 2x cos x + sin 3x cos x + .............. 


	23
	23
	inx n
	For parts (c) and (d) you can assume that e cos x → 0 as n →∞. 
	Deduce that U∞ = sin x sin x − cos 2x sinx − sin 3x sinx + cos 4x sinx + sin 5x sinx − cos 6x sinx − sin 7x sinx + .................... = 0. 
	2 
	3 
	4 
	5 
	6 
	7 

	76. (B/C) 111 1 
	(a) 
	(a) 
	(a) 
	(a) 
	Find Sn =++ +......+. 

	21 × 31 × 2 × 4
	1 × 2 × 3 × .... × (n − 1) × (n + 1) 


	(b) 
	(b) 
	If0 <x< 1 ﬁnd the sum of the inﬁnite series 


	23 n
	T∞ = Sx + Sx + Sx + ..... + Snx + ...... 
	1
	2
	3

	77. (C/D) Suppose that the cubic equation with real coeﬃcients ax+ bx+ cx + d = 0 can be written in the form 
	3 
	2 

	L(x + s)+ M(x + t)=0 with L and M non-zero. 
	3 
	3 

	(a) 
	(a) 
	(a) 
	Write a, b, c and d in terms of the numbers L, M, s and t. 

	(b) 
	(b) 
	Verify that s and t are the roots of the quadratic equation (ac − b)y − (ad − bc)y +(bd − c )=0 
	2
	2 
	2


	(c) 
	(c) 
	Deduce a condition that implies that the roots of the cubic equation are not all real. 

	2
	2
	2



	78. (B/C) Evaluate the integral 
	Z 
	1 

	1+ x 
	I 
	= 
	= 
	= 

	TR
	0 
	1 + x 


	1 
	2 
	1 
	3 
	dx. 
	32
	79. 
	79. 
	79. 
	79. 
	(A/B) The cubic equation with real coeﬃcients x + ax + bx + a = 0, with b 6= 1, has three real roots p, q and r. 

	Prove that tanp + tanq + tanr = nπ, where n is some integer. 
	−1 
	−1 
	−1 


	80. 
	80. 
	(B/C) Find the sum of the inﬁnite series 2
	2
	2 
	3
	2



	r 
	1+ + + ..... ++ ...... 
	1!2! 
	(r − 1)! 

	81. 
	81. 
	81. 
	(B/C) A triangle has sides of length a, b and c. Prove that 3(ab + bc + ca) ≤ (a + b + c)≤ 4(ab + bc + ca). 
	2 


	82. 
	82. 
	(A/B). The angle biscector of angle C in triangle ABC meets AB in D. 
	2ab cos C/2 



	Prove that CD =. 
	a + b 
	83. (A/B) It is given that p is a non-zero positive integer and that the sequence 
	p 
	ai; i ≥ 0 satisﬁes a= 0 and ai+1 = pai +for i ≥ 0.
	0 
	(p
	2 
	− 1)a + 1 

	i 
	p 
	2
	2
	2


	(a) Prove that the relation ai+1 = pai +is equivalent to
	(p
	2 
	− 1)a + 1 

	i 
	22
	a− 2paiai+1 + a− 1 = 0. 22
	i+1 
	i 

	(b) 
	(b) 
	(b) 
	Use the relation a− 2paiai+1 + a− 1 = 0 to ﬁnd a relation of the type Kai+1 +2pLai + Mai−1 = 0, where K, L and M are integers. 
	i+1 
	i 


	(c) 
	(c) 
	Hence prove that each ai is an integer and that 2p divides every aj ,j ≥ 1. 
	2



	∞
	P 1 
	84. (B/C) Given that = e. 
	n!
	n=0 
	43 2
	(a) By considering nand n as n = n− n + n− n + n and 4 32
	3 
	3 
	2 

	n = n− n + n− n + n− n + n show that 
	4 
	3 
	2 

	.. 
	∞ 3 ∞∞∞∞
	P n P 1 P 2 P 1 P 1 
	= +++ 
	n!
	(n − 3)! (n − 2)! (n − 2)! (n − 1)!

	n=0 n=3 n=2 n=2 n=1 
	and 
	..
	P∞ 4 ∞∞∞∞
	n P 1 P 3 P 2 P 4 
	= +++ + 
	n=0 n! n=4 n=3 n=3 n=2 
	(n − 4)! 
	(n − 3)! 
	(n − 3)! 
	(n − 2)!

	.. 
	∞∞∞∞
	P 1 P 2 P 1 P 1 
	+++ . 
	n=3 n=2 n=2 n=1 ∞ 3 ∞ 4
	(n − 3)! 
	(n − 2)! 
	(n − 2)! 
	(n − 1)! 

	P n P n 
	Hence determine and in terms of e. 
	n! n!
	n=0 n=0 
	(b) Given that k is a positive integer. Use the results of (a) to make a 
	∞ k
	P n 
	conjecture about the sum of in terms of k and e. Substitute 
	n! k = 3 and 4 to test the conjecture. 
	n=0 
	85. (A/B) A inﬁnitely long rectangular strip of paper k cm wide is folded so that it does not completely overlap (as shown in the section diagram 
	k
	2 

	below). Prove that the minimum area of overlap is sq.cm.
	2 
	k 

	86. (B/C) 
	86. (B/C) 
	(a) 
	(a) 
	(a) 
	Show that the family of parabolae with equations y = x+2ax + a, where a is any real number, have a common point and that their minimum points lie on a parabola. 
	2 


	(b) 
	(b) 
	For the parabolae with equations y = x +2ax + a that have three intercepts on the axes, determine the equation of the circle that passes through these three intercepts. Hence identify the coordinates of any common point(s) of the family of these circles. 


	2
	2

	87. 
	87. 
	87. 
	(A/B) In a triangle ABC with the usual conventions of sides of lengths a, b, c and angles A, B, C. Given that A =3B. Show that (a− b)(a − b)= bc. 
	2 
	2
	2 


	88. 
	88. 
	(C/D) An arithmetic series of 100 terms has the property that the sum of th
	,4



	the even numbered terms (i.e. the 2, ..., 98and 100terms) is 1, while the sum of odd numbered terms is −2. Find the sum of the squares of all 100 terms. 
	nd 
	th 
	th 

	2
	89. (C/D) The family of parabolae with equations y = x + px + q have three intercepts on the axes. Show that the equation of the circle that passes 
	22
	through these three intercepts is x + y + px − (1 + q)y + q = 0. Hence identify the coordinates of any common point(s) of the family of these circles. 
	.. 
	.. 
	..

	1
	1 
	1
	2
	1
	2
	x − 1 
	90. (C/D) Show that x − +1 − = 
	.. 
	.. 
	.
	1
	1 
	xx 
	1
	2
	1
	2 
	x −− 1 − 
	xx 
	.. 
	.. 
	..

	1
	1 
	1
	2
	1
	2 
	Hence solve the equation x = x − +1 − . 
	xx 
	91. 
	91. 
	91. 
	(B/C) Given that f(x)= x− 2ax − a− , where a is a real constant. Find the range of values of a for which |f(x)| < 1 in the interval [0, 1]. 
	2 
	2 
	3
	4 


	92. 
	92. 
	92. 
	(B/C) 

	(a) 
	(a) 
	(a) 
	Find the positive integer n such that n(n + 1) = 40743420. 111 1 

	(b) 
	(b) 
	S =1+++ +.......+




	1
	111 
	1

	1+ ++ ..... +
	1+ 
	1 
	1+ 
	1 
	+ 1+ 
	1 
	++ 
	1 

	3 36 3610 36 40743420 
	Prove that S> 1009.5. 
	93. (B/C) A and B are the roots of the equation x− x − 1=0 and 
	2 

	A− Ban = , for n ≥ 0. 
	n 
	n 

	A − B Prove that an+2 = an+1 + an for n ≥ 2. 
	94. (C/D) Show that E = a(c − b)+ b(a − c)+ c(b − a) can be written
	5
	5
	5

	Ł. 
	as F (a + b + c)(a + b+ c)+ abc where the factor F has to be determined. 
	2 
	2
	-

	3
	95. 
	95. 
	95. 
	(B/C) Find the six solutions of the equation (1 + x)(1 + x)=4x . 
	2
	4


	96. 
	96. 
	(B/C) Find the real solutions of the equation x+2x sin(xy)+1 = 0. 
	2 


	97. 
	97. 
	(C/D) Given that each of a, b and c are non-negative numbers. abc 


	Prove that + + ≥ 0. 
	b + ca + ca + b 
	98. (C/D) Use the generalised remainder theorem to ﬁnd the value of k such 
	555 33 22
	that x + y + z + k(x + y + z)(x + y + z) has factor (x + y + z). For this value of k show that (x + y + z)is also a factor of the expression. 
	3
	2
	2 

	99. (C/D) Given that sin x + sin y = a and cos x + cos y = b . a 
	x + y

	2 
	+ b
	2

	(a) 
	(a) 
	(a) 
	(a) 
	Prove that tan = and that 2 + 2 cos(x − y)= a . 

	2 b 

	(b) 
	(b) 
	Deduce that 


	x
	2 
	x 
	2 
	y 
	2 
	x 
	2 
	y 
	y

	A tan + A tan + A tan tan + tan tan − A =0,
	2 2 2222 where A =4 − a− b. 
	2 
	2 

	r 
	4 − a− b
	x − y 
	2 
	2 

	(c) Also prove that tan = . 
	2 a+ bx√ 
	2 
	2 
	y 

	(d) Find the values of tan and tan in the case that a = b = . 
	2

	22 
	2
	u+2 
	n−1 

	100. (B/C) A sequence is deﬁned by u=1,u= N and un = , for 
	1 
	2 

	un−2 n ≥ 3. 
	un−1 un + un−2
	Show that = for n ≥ 3. un−2 un−1 + un−3 Hence show that un = aun−1 + bun−2 for n ≥ 3, where the values a and b have to be determined. 
	For what values of N is each un an integer? 
	101. (B/C) An increasing sequence is deﬁned by u= u= u= 1 and 
	1 
	2 
	3 

	un+1 
	1+ unun−1 

	= , un−2 
	for n ≥ 4. 
	Prove that un+1 = aun−1 + bun−3 for n ≥ 3, where a and b are integers to be found. Deduce that each un an integer. 
	-

	102. (C/D) 
	(a) 
	(a) 
	(a) 
	Prove that sin 5x = 16 sinx − 20 sinx + 5 sin x. 
	5 
	3 


	(b) 
	(b) 
	Express cos 36− cos 72in terms of sin 36. Hence ﬁnd the exact value of cos 36− cos 72. 
	◦ 
	◦ 
	◦ 
	◦ 
	◦ 



	!
	√ r
	n + 
	n
	2 
	− 4 

	103. (B/C) Given that n> 2 and r> 0 are integers. Prove that 
	2 
	p
	kr + 
	k
	2 
	− 4

	r 
	can be written as , where kr is an integer, for r =2, 3, 4, 5, 6. 
	2 
	!
	√ r
	n + 
	n
	2 
	− 4 

	104. From the previous problem we get a strong conjecture that 
	2 
	p
	kr + 
	k
	2 
	− 4

	r 
	can be written as , where kr is an integer, for r ≥ 1. To 
	2 
	prove the conjectue without using brute force algebra is the essence of this problem. 
	(a) 
	(a) 
	(a) 
	(a) 
	Let r be a positive integer. In the case the r is even show that A+ B=(A + B)− CAB(A+ B) − C(AB)(A+ B) − ........ − Cr/2(AB). 
	r 
	r 
	r 
	r
	1
	r−2 
	r−2
	r
	2
	2
	r−4 
	r−4
	r
	r/2 


	In the case the r is odd show that A+ B=(A + B)− CAB(A+ B) − C(AB)(A+ B) − ........ − C(r−1)/2(AB)(A + B). 
	r 
	r 
	r 
	r
	1
	r−2 
	r−2
	r
	2
	2
	r−4 
	r−4
	r
	(r−1)/2


	(b) 
	(b) 
	Prove that if A and B are the roots of the equation x− nx +1 =0 then A+ B, where r is a positive integer, is always an integer. Hence prove the conjecture made above. 
	2 
	r 
	r 



	3
	x 
	105. 
	105. 
	105. 
	(A/B) Find all solutions of the equation √ + x− 4 = 0. 
	2 


	106. 
	106. 
	(B/C) 


	4 − x
	4 − x
	2 

	−1 −2 −n
	(a) Given that x =6 0. Evaluate the sum f(x)= x + x + ...... + x 
	df(x)

	and then ﬁnd . 
	dx 1357 2n − 1 
	a(2
	n 
	− 1) − bn 

	(b) Hence prove that + + + + ..... += ,
	222
	2
	2 
	2
	3 
	2
	3 
	n 
	n 

	where a and b are integers to be found. 
	107. (B/C) Let ur be a sequence deﬁned by u= 1 and ur =1+ uu....ur−1, whenever r> 1. 
	1 
	1
	2

	n
	P 11 
	Prove that = m − , where m is an integer to be found. 
	ur uu.....un
	1
	2

	r=1 
	∞
	P 1 
	Deduce the value of . 
	r=1 ur 
	r=1 ur 
	n

	108. Show that Ck +Ck−1 = Ck. 
	n−1
	n−1 

	Hence prove that C+(−1)×C+(−1)×C+(−1)×C+........+(−1)×Cr =(−1)×Cr 
	n
	0
	1
	n
	1
	2
	n
	2
	3
	n
	3
	r
	n
	r
	n−1

	2
	2





